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The capacity of a quantum channel characterizes the ultimate rate at which information
can be transmitted reliably over the channel. Its computation, however, turns out to be
difficult. Here we introduce a framework that connects recent techniques from convex opti-
mization with quantum information theoretic problems. It can be used to derive an iterative
algorithm with an attractive rate of convergence to efficiently approximate the capacity of
channels with a classical input and a quantum mechanical output. The method, using the
idea of a universal encoder, can be extended to approximate the Holevo capacity for channels
with a quantum mechanical input and output. In particular, we show that the problem of ap-
proximating the Holevo capacity can be reduced to a multidimensional integration problem.
For certain families of channels we prove that the complexity to derive an ε-close solution to
the Holevo capacity is subexponential or even polynomial in the problem size. We provide
several examples to illustrate the performance of the approximation scheme in practice.

Full version: http://arxiv.org/abs/1407.8202

Motivation — quantum channel capacities

Consider the scenario where a sender wants to transmit information over a noisy channel to a receiver.
Information theory says that there exists operational quantities called channel capacities characterizing
the maximal amount of information that can be transmitted, asymptotically reliably per channel use [1].
Depending on the channel and allowed auxiliary resources, there exists a variety of different capacities for
different communication tasks. For a lot of these tasks, the corresponding capacity can be recast as an
optimization problem. Some of them seem to be intrinsically more difficult than others, however none of
them in general is straightforward to compute efficiently.

Due to its operational significance, knowing the capacity of a channel is of fundamental importance.
As the capacity in general does not admit a closed form expression, using an algorithm to numerically
approximate it is basically the only possibility to determine its value. In particular as the channel dimension
increases the computational complexity of the approximation scheme becomes important.

In this work, we focus on the scenario of sending classical data over a classical-quantum (cq) or a
quantum-quantum (qq) channel. A cq channel is described by a mapping ρ : X 3 x 7→ ρx ∈ D(H), where
X = {1, . . . , N} denotes the input alphabet and D(H) the set of density operators on a Hilbert space H
with M := dimH. We consider the setup of an additional input constraint of the form

〈
p, s
〉
≤ S, where

S is some non-negative constant, s : X → R≥0 be some cost function and p ∈ ∆N denotes the input
distribution. As shown by Holevo, Schumacher and Westmoreland [2–4], the capacity of a cq channel ρ
satisfying the input constraint is given by

Ccq,S(ρ) =

{
max
p∈∆N

H
(∑N

i=1 piρi

)
−
∑N

i=1 piH(ρi)

s. t.
〈
p, s
〉
≤ S.

(1)

A qq channel is described by a completely positive trace preserving (cptp) map Φ : S(HA) → S(HB),
where S(H) denotes the space of bounded operators acting on some Hilbert space H with unit trace and
n := dimHA. The classical capacity of Φ was shown to be [2, 4] C(Φ) = limk→∞

1
kCX (Φ⊗k), where

CX (Φ) = sup
{pi,ρi}

H

(∑
i

piΦ(ρi)

)
−
∑
i

piH(Φ(ρi)) , (2)
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with p ∈ ∆n2 and ρi ∈ D(H) for all i ∈ {1, . . . , n2} denotes the Holevo capacity. Note that CX (Φ) ≤ C(Φ)
is immediate and since Hastings’ result [5] it is known that there exist channels for which the inequality is
strict. Nevertheless, approximating the Holevo capacity is an important task as computing C(Φ) via the
regularized expression seems intractable and as it is always a lower bound to C(Φ). To the best of our
knowledge there is no algorithm known yet to compute (1) nor (2) with a provable rate of convergence.

Contribution — efficient approximation schemes with explicit error bounds

The main contribution of our work is to provide a framework that shows how recent advances in convex
optimization can be used to approximately solve problems in quantum information theory. We demonstrate
the performance of the framework on the problem of approximating the classical capacity of cq and qq
channels.

Result 1 (Capacity approximation for cq channels [cf. Sec. 2 in full version]). We present an algorithm

that generates an ε-close solution to the capacity of cq channels with a complexity O
(max{N,M}M3 log(N)1/2

ε

)
.

Result 2 (Holevo capacity approximation for qq channels [cf. Sec. 3 & 4 in the full version]).

(i) We present an algorithm for approximating the Holevo capacity of qq channels that quantifies the
approximation error. Furthermore a rate on the approximation error is derived.1

(ii) We show that the problem of approximating the Holevo capacity for qq channels can be reduced to
a multidimensional integration problem.

(iii) We determine families of channels for which our approximation scheme has a complexity to find an
ε-solution that is polynomial or subexponential in the problem size.

These two results present, for the first time, approximation algorithms to compute the classical capacity
of cq and qq channels with a provable rate of convergence.

Methods and proof techniques

The main idea of the presented approximation scheme is summarized in Fig. 1. The key elements are
the fact that the dual problem of the capacity formula (with strong duality) exhibits a specific structure
that allows us to apply smoothing techniques motivated by [6] that map it into an entropy maximization
problem which admits a closed form solution [7, 8] — even if the optimizer is infinite-dimensional [cf.
Lem. 2.1 & Lem. 3.8 in the full version]. This feature enables us to treat cq channels with a bounded
continuous input alphabet and a finite-dimensional output.

A second important ingredient to our approximation scheme is the idea of a universal encoder which is
a mapping that translates a classical into a quantum state as explained in Fig. 2. As our method can treat
cq channels with a continuous input alphabet, this makes it possible to approximate the Holevo capacity
CX (Φ) by approximating the capacity of the induced cq channel Ccq(Φ ◦ E) where E denotes the universal
encoding mapping.

Related work

Unlike for classical channels where there exists an efficient method — the Blahut-Arimoto algorithm
[9, 10] — to numerically compute the capacity with a known rate of convergence, for cq channels an efficient
approximation scheme with a provable rate of convergence does not exist up to date. In [11], Shor discusses
a combinatorial approach to approximate the Holevo capacity of a qq channel, but he does not prove the

1 See caption of Fig. 1 for an explanation of the two different error bounds provided.
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FIG. 1. Illustration of the approach. In a first step the capacity formula (called the primal problem) is dualized
and strong duality is established. The favorable structure of the dual problem allows us to apply smoothing techniques
which then leads to an entropy maximization problem that admits a closed form solution. Thanks to these analytical
preliminaries, a fast gradient method can be applied that iteratively constructs feasible points to the primal and dual
problem which gives an a posteriori error. In addition, we derive an explicit error bound (called a priori error) for
this method.

R 3 r ρr ∈ D(HB)
σrE Φ

FIG. 2. How to embed a qq into a cq channel. Using a universal encoder E : R 3 r 7→ |r〉〈r| =: σr ∈ D(HA) we
embed the qq channel Φ : S(HA)→ S(HB) into a cq channel ρ : R 3 r 7→ (Φ ◦E)(r) = Φ(|r〉〈r|) =: ρr ∈ D(HB) with
a continuous bounded input alphabet. We then have Ccq(Φ ◦ E) = CX (Φ).

convergence of his method. There are numerous different ad hoc attempts to approximate the Holevo
capacity of qq channels, where however no convergence guarantees are given [12–15]. Our algorithm closes
this gap. Simulations confirm that the theoretical work presented in this paper performs well in practice
[cf. Sec. 2.A and Sec. 4.C in the full version].

The optimization problem expressing the Holevo capacity of a qq channel has been shown to be NP-
complete [16] and also difficult to approximate [17]. However, this does not preclude the existence of classes
of channels for which the Holevo capacity can be computed efficiently. Our approach via its smoothed dual
version reduces it to a multidimensional integration — a problem that is well-studied and oftentimes can
be solved efficiently [18]. For certain families of channels we prove that the complexity to derive an ε-close
solution to the Holevo capacity is subexponential or even polynomial in the problem size [cf. Cor. 4.12 in
the full version].

Discussion

Our framework has already been proven useful to approximate the capacity of classical channels whose
value is unknown, e.g., the capacity of a discrete-time Poisson channel [19]. This suggests that the pre-
sented methods can be used to approximate other important quantities in quantum information theory
that are described via optimization problems with a similar structure. Possible candidates are the entan-
glement of formation, which is an important measure of entanglement [20], the quantum rate distortion
function describing the maximal compression rate up to a certain distortion [21], and the channel coherent
information, which is the best generic lower bound to the quantum capacity that characterizes the highest
possible rate at which quantum information can be transmitted reliably over a quantum channel [3].

The presented algorithm could also be a potential tool to find a low dimensional qq channel Φ with a
Holevo capacicty that is not additive, i.e., that satisfies C(Φ) > CX (Φ). So far this phenomenon could
only be verfied for high dimensional channels [5] and it is of general interest to find out if low dimensional
channels also exhibit such a behavior.
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