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We prove a version of the Berry-Esseen theorem for quantum lattice systems. Given a
local quantum Hamiltonian on N particles and a quantum state with a finite correlation
length, it states that measurement of the energy in the state follows a normal distribution,
up to error scaling as O(N~1/2 polylog(N)). This is optimal up to a poly-logarithmic factor.

We then give an application of the theorem to the problem of showing the equivalence
of the canonical and microcanonical ensembles for quantum lattice systems. For any model
with short ranged interactions and any temperature for which the system has a finite corre-
lation length, we prove that the canonical state of NV particles has its local reduced density

matrices of O(v/N) particles equal to the reduced density matrices of the microcanonical
state of the same mean energy. This result is established by combining the Berry-Esseen
theorem for quantum lattice systems with techniques from quantum information theory.

I. QUANTUM BERRY-ESSEEN THEOREM FOR QUANTUM LATTICE SYSTEMS

In this paper we prove a variant of the Berry-Esseen Theorem in the setting of quantum lattice
systems. Before stating the result let us introduce the setting and the notation we consider.

We let A = {1,...,n}¢ be a finite collection of vertices or lattice sites in d dimensions with
N = nd particles 1. We consider k-local Hamiltonians, acting on the Hilbert space H = ®;cxH,i,
given by

H=> H, 1)

€A
where we assume that the H; are Hermitian, ||H;|| < 1, and local in the sense that H; acts only on
sites j with d(i, 7) < k (for the Manhattan metric d(., .) in the lattice).

We say a state p € D(H) (the set of density matrices in /) has correlation length ¢ if for every
two regions X, Y,

tr((M @ N)(pxy — px @ py))|
MEX,Ney M| Nl
< grdist(X.Y)/E )

cor(X,Y), :=
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where

ist(X,Y) := i i .
dist(X,Y) 9061}(11;16 Ydlst(az,y) 3)

Write the spectral decomposition of H as

H = Ey|Ey)(Ey (4)
k
WithEoSEl SSEQN

Define the function

§ 2 11 1
f(&k,s) = <1—|— k> k42 <max{3,83} +e_1/5§Dmax{§,s3}> (5)

Our main result is the following:

Theorem 1. Let H be a k-local Hamiltonian in A = [n]? with N = n? particles and p a state with
correlation length & > 0. Let

g

p=tr(pH), o=tr(p(H — N)2)1/27 5= N12gd2 (6)
Then
log®!(N)
sup |F(y) — G(y)| < Cf(&, k, s)——— 7
gpl (v) = GW) = CF(E k)= )
where C' > 0 depends only on the dimension of the lattice,
F(y):= > (ExlplE), ®)
k:Ep<y
and
1 Yy (z=m)*
G(y) == / dze 202 . 9
W= Tt ¢ ©)

is the Gaussian cumulative distribution with mean p and variance o.

Comparison with Previous Work: Quantum central limit theorems, so the fact that sup, [F(y) —
G(y)| goes to zero as N goes to infinity, have been proven in [4, 5]. To the best of our knowledge,
the rate of convergence has, in the present context, not been considered so far. Of course, the
classical Berry-Esseen bound for sums of random variables has a long tradition starting in the
1940-ties with [1, 6]; see [7] and references therein for more recent work on the subject.

Proof Idea: We closely follow the classical proof for sums of random variables in Refs [2] and
[3]. Our main innovation is to introduce auxiliary operators that will allow us to, despite non-
commutativity, arrive at the same scaling. We also give a method for bounding the error when
approximating products of matrix exponentials in terms of their Taylor expansion, which may be
of independent interest.

Theorem 1, in addition to its own value in quantum statistics, has an interesting application
to the equivalence of canonical and microcanonical ensembles for quantum many-body systems,
which we now consider.



II. EQUIVALENCE OF STATISTICAL MECHANICS ENSEMBLES

In statistical mechanics there are two main ensembles (at zero chemical potential) that can be
used to compute equilibrium properties of large systems: the microcanonical and the canonical
ensemble. Roughly, the first describes the physics of a system that is isolated and has total fixed
energy. The second describes the physics of a system that is at thermal equilibrium with a large
environment at fixed temperature 7. It turns out that in many cases the two ensembles give the
same predictions for very large systems. There is a long sequence of studies aiming at elucidat-
ing under what conditions the two ensembles can be used interchangeably (see e.g. [15-20] and
discussion below).

In textbooks the canonical ensemble is commonly introduced by considering the microcanon-
ical ensemble of the system and a large environment and restricting to observables of the system
only. Then under the assumption that the interactions of the system and environment are very
weak, the canonical ensemble emerges. However in many situations the assumption of weak
coupling is not justified. It is therefore an important question to find more general conditions for
the equivalence of the two ensembles. In this section we give such condition: we show that short
ranged interactions and a finite correlation length already lead to the equivalence of ensembles
for every sufficiently large finite volume.

Let pr := e /T /Z(T) be the canonical state at temperature 7' (also known as Gibbs state or
thermal state) and Z(T') := tr(e~%/T) the partition function (we set Boltzmann constant to unit).
In the canonical ensemble at temperature 7', averages are computed using pr.

Define the energy density at temperature 7" as

1
u(T) = -tr(Hpr), (10)
the entropy density at temperature 7" as

1
S(T) i= =S (pr). (11)

and the specific heat capacity at temperature 7" as

du(T’

c(T) = uT’) (tr(H?pr) — tr(Hpr)?). (12)

AT’ |;_p  NT?
Note that if p7 has a correlation length &, then ¢(T") < O().

Let
Mg :={k:|E —eN| < 6VN}, (13)

and define the microcanonical state of mean energy e and energy spread v/ N by

LS B (14)

| M, 5| kel

Te,s =

In the microcanonical ensemble averages are computed using 7. 5.

We can now state the main result of this section. It shows that for general quantum many-body
systems at non-critical temperatures (meaning that the canonical, Gibbs, state has a finite correla-
tion length), the canonical ensemble gives essentially the same predictions as the microcanonical
ensemble, for every observable that acts on roughly v'N particles, with N the total number of
particles of the system.

Given a region R, we denote by tr,\ p the partial trace over the complement of R in A.



Theorem 2. Let C; be the set of all hypercubes contained in A := {1,...,n}?% of volume I%. Let H be a
k-local Hamiltonian on A. Suppose that T is such that the Gibbs state pr has correlation length £. Let
N :=n?and

E = {e t|leN —tr(Hpr)| < iTc(T)é\/N} (15)
Set v := 4x f (&, k, c(T)%k_d/Q)Tc(T)é. Let § be any number such that %\/%(N) <0< %TC(T)%
Then for every triple (e, 1, ) such that € > 0,
T2 N\
1< (T st ) (16)
120 log™(N)
and e € E:
E |trac(res) — trae(er)|, <e (17)

ceC,

where the expectation is taken uniformly over C;.

We note that the condition of a finite correlation length is necessary. Indeed as shown in [8], the
two ensembles differ in the Ising model close to criticality, when the correlation length diverges,
for regions of size O(log(V)). It is an open question if a similar result can be obtained for critical
systems and small enough regions, assuming that correlations decay algebraically; in our proof it
is important that the correlations decay exponentially.

Any system is expected to have a finite correlation length whenever it is away from a critical
point. One dimensional systems always have a finite correlation length at any temperature [9],
while in any dimensions there is a critical temperature (depending only on the geometry of the
lattice) above which every system has a finite correlation length [10] .

We also note we do not need to take the average over regions R € R; if we assume the Hamil-
tonian is translation invariant, as in this case o is the same for all R € R;.

Beyond Microcanonical States: How crucial is the use of the microcanonical ensemble? It turns
out that Theorem 2 can be generalized to a much larger class of states. In a nutshell all that is
required is that the state is concentrated around a given energy and has sufficiently large entropy.
To state the condition precisely, define the max-relative entropy of two states 7 and o [12]:

Siax(||o) == {min X : p < 2*o}, (18)
and its smooth version
Shax(l|0) == _min Dy (7[|o), (19)
ﬁEBs(ﬂ')

with B.(m) = {7 : |7 — 7|1 < e}.

Then we have

2 Ref. [10] proves a finite correlation length in the high temperature phase for a different correlation function than the
one used in Eq. (2). But using [11] one can show that the two notions are equivalent in the high temperature regime.



Corollary 3. Let C; be the set of all hypercubes contained in A := {1,...,n}¢ of volume 1%. Let H be a
k-local Hamiltonian on A. Suppose that T is such that the Gibbs state pr has correlation length £. Let
N :=n?and

E = {e t|leN —tr(Hpr)| < iTc(T)é\/N} (20)
Set v := 4x f (&, k, c(T)%k_d/Q)Tc(T)é. Let § be any number such that %\/%(N) <0< %TC(T)%
Consider a triple (g,1, e) such that 1/4 > ¢ > 0,
T2 N\
1< (T i) @
120 log™ (V)
and e € E. Then
1. For every 7 such that S5, (7||Te,s) < nad,
tr — tr < 2e, 22
cIeEcl [trave(m) = trae(pr) ||, < 2¢ (22)

2. For states |v) drawn from the Haar measure in span{|Ey) : k € M,s}, with probability 1 —
90 |Me5l),

CIECZ ||t7’A\C(W> (W]) - h’A\C(PT)H1 < 2¢, (23)

The second part of the corollary is a direct consequence of Theorem 2 and the result of [13] that
a generic state in a energy subspace is equal to the microcanonical state in small regions.

Comparison with Previous Work: The problem of equivalence of ensembles was considered al-
ready in the foundational work of Boltzmann and Gibbs. See [14] for a historical perspective. An
intuitive explanation for the equivalence in non-critical temperatures is the following: Whenever
there is a finite correlation length, the specific heat capacity is a constant. Then as the energy
is extensive, we find that it is concentrated around its mean value. However this argument is
too simplistic. Indeed it is easy to see that for large enough n, 7.5 and pr (with e = u(7')) are
almost orthogonal. Therefore any meaningful argument for equivalence of ensembles must go
beyond the distribution of energies and somehow restrict the kind of observables considered (e.g.
observables acting in small regions).

The most fruitful direction so far has been to consider systems in the thermodynamical limit. In
this regime one can prove the equivalence of ensembles on the level of thermodynamical functions
[15,17-19] (showing that the thermodynamical limits of the entropy density of the microcanonical
ensemble is the Legendre transform of the limit of the free energy density) and also on the level of
states, as we do here, both for classical [16] and, only very recently, also for quantum systems [20].
However the price of considering the thermodynamical limit — instead of the physically relevant
regime of very large but finite sizes — is that no finite bounds can be obtained on the size of the
regions on which the states are close.

In this respect Theorem 2 goes beyond the earlier work in several aspects:

o It covers the general case of non translation-invariant models.



e It is based on the assumption of a finite correlation length, which is simpler than the as-
sumption of a unique phase region employed in [18-20].

e It gives explicit finite size bounds; for quite big regions of order O(v/N) the two ensembles
already look the same.

o It shows that the equivalence holds true even for microcanonical states with very small
energy spread, of order O(log?(N)) and substantially smaller than the value O(N'/?) that
could have been expected.

o It shows that that any two microcanonical states Te,s and 7. s are locally equivalent when-
ever |e—¢/| < O(vV/N)and O(log(N)) < §+6" < O(V/N) (when p1(e) has a finite correlation
length).

e It covers more general states than the microcanonical, showing that the important condition
is that the state is concentrated around a fixed energy and has sufficiently large entropy.

It is an interesting open question how small 6 can be taken. We note that the eigenstate ther-
malization hypothesis (ETH) states that even for 6 = 0, i.e. for a single eigenstate, one should
have thermal expectation values for regions small enough [21]. However, while believed to hold
true for several systems, there are known counterexamples to ETH - for instance systems with
many-body localization.

As we outline next, the proof of Theorem 2 is based on our quantum Berry-Essen theorem
and ideas of quantum information theory. Thus the result gives a new application of quantum
information to statistical mechanics, complementing recent studies in this direction (e.g. [13, 22,
23]).

Proof Idea: The proof of Theorem 2 is very different from the approach followed in [18-20], being
based on a combination of Theorem 1 and arguments from quantum information theory. We note
that the close-to-optimal error of O(N *%) in Eq. (7) is crucial; if it were instead Q(N~1/2+") for
any v > 0 our proof would fail.

A quick summary of the argument is the following: First using Theorem 1 we show in Lemma
4 that

Smax(Te,s|[pT) < O(logd(N)). (24)

We then consider a partition of the lattice [n]d into regions Ay, ..., A, and R, where each A; is a
d-dimensional cube of size I¢ separated from each other by a distance of 2£1% and R is composed
of the remaining sites of the lattice (see Fig 1). Denote pa, .. 4,, ‘= trg(pr) and 74, _a,, := trr(7es).
Then by the data processing inequality for Simax and Eq. (24):

Smax(Tar. AP A, 4,) < O(log?(N)). (25)

From the fact that p7 has a finite correlation length we show in Lemma 6 that ||pa,..4,, —pa, ®

e ®@palh < m2~"". Then in Lemma 5 we show that this bound together with Eq. (25) implies
that

Sax(TAr A, |lpa, ® ... ® pa,,) < O(log?(N)). (26)

fore = O(el’logQ(d)/T)ml/QZ_ld/Q.
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FIG. 1: Depiction of regions Ay, ..., A,,, each of linear size [ and distance 2£1¢ from each other, and their comple-

ment R.

The final part of the proof is to argue that the equation above implies that for most 7, 74, is close
to p4,. We do so by making use of basic properties of the quantum entropy and relative entropy,
in particular the subadditivity of entropy and Pinsker’s inequality. Indeed with

S(pllo) = tr(p(log p — log 7)) (27)
the relative entropy and
$(pllo) == min S(5lo), (28)
PEB:(p)

we find that Eq. (26) also holds for S*(74, .. a,,||p4, ® ... ® pa,,). Then by subadditivity of the von
Neumann entropy we can show that

d
@fummmso<“ﬁﬁv. (29)

The result then follows from Pinsker’s inequality, which gives

2111(2) SE(TAinAi) > ||TAi - pAiHl —&. (30)

III. EQUIVALENCE OF STATISTICAL ENSEMBLES: PROOF OF THEOREM 2

We begin with the following lemma:

Lemma 4. Let H be a k-local Hamiltonian in A = [n]?, with N = n? particles. Let T > 0 be such that pr
has a finite correlation length. Let v = 4nf(&, k, o(T)Y2 k=42 e(T)VT, § = V108" (N) yud e be such

N1/2
1
c(T)2T
that |e — u(T)| < Vi Then

2v 1
Smax(Te,zSHpT) < T IOgd(N) + 5 10g(N> (31)



Proof. Define

Z(T,e,0):= » e /T, (32)
keM,
Using Theorem 1,
Z(ZT{;}(S) =tr (kae%a Ek><Ek)
= F(eN + 3V N) — F(eN — §VN)
d
> G(eN + 6VN) — G(eN — 6v/N) — 2 (&, k, s)ng\/JLVN) (33)

with F(y) given by Eq. (8), with p = pr, and f(&, k, s) given by Eq. (5). Since 0% = tr(H?pr) —
tr(Hpr)? = ¢(T)T?N, we get s = ¢(T)'/?Tk=%2,

We have
G(eN + 6VN) — G(eN — 6V/N) = erf (eN VN - “(T)N> — erf <6N ~ VN - ”(T)N>
o o
) 1 )
= erf| -+ - - - —
4 o)1 4 om):T
=: M. (34)
where
1 z 2
erf(z) :i= — [ e V724t (35)
D=7 b
Using the Maclaurin series erf(z) = 2n1/2 (z — 123 + 425 — L2741,
log**(N)
M >3f(& k,s)——, 36
> 3f(&,k,s) TN (36)
and from Eq. (33)
Z(T,e,0) log!(N)
2000 S o€k, s)—2 37
Zi 2 U ER) T (37)
Since for every k € M s,
1 201 d B_Ek/T
< p2vlog®(N)/T )
(Mgl = Z(T,¢,0) %)
we find
1
< 2vlog?(N)/T —FEy)T
Tes <€ Z(T.c.0) d e | Ee) (Ek|
k‘GMe’(;
1
< N1/2€2ulogd(N)/T Z e—Ek/T’Ek><Ek’
(T) kEMey(s
< VN s NIT (39)

from which Eq. (31) follows. O



Lemma 5. Let H be a local Hamiltonian in A = [n]?, with N = n? particles. Let T > 0 be such that pr

h lation length €. Let v > 0,6 = v and e be such that < dDPT Consid

as correlation length €. Let v > 0, § = v=377~, and e be such that |e — u(T)| iz Consider a
partition of the lattice [n]? into regions A1, ..., A, and R, where each A; is a d-dimensional cube of size 14
separated from each other by a distance of 2¢1% and R is composed of the remaining sites of the lattice (see

Fig1). Let pa,..a,, ‘= trr(pr) and 7a, _a,, = trr(7es). Then

Sthax(TAr..An|lpa, ® ... ® pa,,) < log?(N) + log(N) (40)

T(1—k) 2(1 - k)
with

o= 8N1/461/log’i(N)/Tml/22—ld21d/2‘ (41)

Proof. By Lemma 4 and the monotonicity of Spax under partial trace,

2V 1
By Lemma 6,
|trr(pr) — trava, (p1) @ ... @ trava,, (pr)]], < m2-29!", (43)

The statement then follow from Lemma 8.
O

We are now in position to prove Theorem 2. The idea is to combine Lemma 5 with basic prop-
erties of the quantum relative entropy. Given two quantum states p and o, the relative entropy is
defined as

S(pllo) = tr(p(log(p) — log(a))). (44)
It satisfies the following properties

o (Pinsker’s inequality)

1 2
> — )
S(ello) = 55 o = ol 4
e (Relation with Spax [12])
S(pll0) < Smax(pl[0). (16)
e (super-additivity)
S(oaranllon ® .. @0a,) 2 Y S(oallon) @)
k=1

The third property is a easy consequence of subadditivity of entropy. Indeed:

S(pay..Anlloa, ®...®@04,) = =S(pa;..a,) —tr(pae. .04, l0g(0a, ®...Q04,,))
m

> =) S(pa) —tr(pay..a, logloa, ©...®04,))
k=1

= > Slpa,lloa,). (48)
k=1
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Theorem 2 (restatement). Let C; be the set of all hypercubes contained in A := {1,...,n}? of volume 1.
Let H be a k-local Hamiltonian on A. Suppose that T' is such that the Gibbs state pr has correlation length
€ Let N :=n%and

E:= {e |eN —tr(Hpr)| < leTc(T)éx/N} (49)

Set v := 4An f (&, k, c(T)%k*d/Q)Tc(T)%. Let § be any number such that %\/%(N) <6< %TC(T)%.

Then for every triple (¢, 1, e) such that € > 0,

1

Te? N 2d
<\ 5= | 50
- (121/ lode(N)> (50)
and e € E:
IeEc H”A\C(Te,é) - ”A\(J(PT)H1 <eg, (51)
)

where the expectation is taken uniformly over C;.

2d
Proof. We prove the statement of the theorem with § = ”“’ﬁf/gm

follow by a simple averaging argument.

. The case of larger § will then

As in Lemma 5, consider a partition of the lattice [n]d into regions Ai, ..., A, and R, where
each A; is a d-dimensional cube of size I¢ separated from each other by a distance of 2£1% and R is
composed of the remaining sites of the lattice (see Fig 1).

By Lemma 5 and Eq. (46) thereisa ma, .4, S.t. ||[74,..4, — TA,..A4, 1 < &

2v 1
S(mar.allpa, ® ... ®pa) < T —r) log(N) + 21— ) log(N) (52)
By Eq. (47)
> S(wallpay) < S(ray.allpa, ® ... @ pa,) < 3vlogh(N)/T. (53)
k=1

Noting that m = N/(1% 4 (2¢)4®),

3v d ld2

£ S(ma,llpa,) < o log" (V) - (54)

Using Pinsker’s inequality (Eq. 45) and the convexity of x + 22,

3v 14
Ellma, = paclh </ 7 log”(N) 7 (55)
Finally, by Eq. (40),
V. g 1+ 1/2 2clog(N)/T,  o—I14

Bll7a, — pa,lh < | 7 log(N) 5 +2N'/2 m2~"". (56)

Choosing ! as in Eq. (50) we find that the L.H.S. of the equation above is smaller than ¢. 0
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The following auxiliary lemmas were used in the proofs above.
Lemma 6. Let 74, 4, € D((CP)®™) be such that for every j € [l],
cor(Ar,...,Aj_1: Aj) <e. (57)
Then
7T As, Ay — Tay @ ... @74, ||, < mD2%. (58)
Proof. By Lemma 7, for every j € [I],
||7TA17_..7A].717A]. — Ay, A @TA; H1 < D%cor(Ay, ..., Aji_1:A45) < D2, (59)

Then by a telescoping sum and triangle inequality,

m
1AL Ay — T4, @ ® TFAm||1 = Z

Jj=
m
< Z Hﬂ'Al, SA; T AL A ®7TAjH1 < mD257 (60)
J=1
with
Lji=ma,..A QT &...0Ta,,. (61)
O
Lemma 7. [Lemma 20 of [24]] For every L € B(C" @ CI*) withr < R,
ILl; <7* max |tr(X ®Y)L)|. (62)

XLy <1

The second Lemma was first proven by Datta and Renner in [25], in a different formulation,
and appeared in a form equivalent to the one bellow as Lemma C.5 of [26].

Lemma 8. Let p, o0 € D(H) be such that
Diax(pllo) < A (63)

Let 6 € B.(o). Then

A
Dmax (p”o‘) =1 _42)\\/5 (64)

Proof. The statement follows from Lemma C.5 of [26] with Y = 20 and A := 2}o — 5. 0
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IV. QUANTUM BERRY-ESSEEN: PROOF OF THEOREM 1

To facilitate the exposition we will use a slightly different notation in this section from the rest
of the paper.

We let X a finite collection of vertices or lattice sites equipped with a metricd : X x X — N and
consider operators acting on the Hilbert space H = ®;cxH,; of the form

¥=Y"X, (65)
1eX

where we assume that the X; are hermitian, bounded, ||X;|| < z/2, and local in the sense that
there is a R € N such that X; acts only on sites j with d(, j) < R.

We will need the notion of dimension of X: We call D the dimension of X if it is the smallest
D > 0 such that there is a constant c¢p > 0 such that for every [ > 0

ieX|di,j) =1} = 1< cplPt. (66)
' D—1
d(li,ej/)Y:l

We will assume that D > 1. For subsets A, B C X, we denote the distance between them as

d(A,B) = mind(, j). (67)

€A

JjEB

We let ¢ a state acting on H, write
() =tr[o] (68)
and denote
e _ o o\1/2 . g

:U‘_<X>7 U_<(X H) > ’ S_ZL“XP/QRD/Q? (69)

assuming that s > 0. We assume that the state ¢ is such that there is [j € N, [ > 0, and a
non-increasing f : {lo + 1,lo +1,...} — R such that for all operators A = A ® idy\ 4 and

B=B® idy\p with d(A, B) > lp we have

(AB) — (A)(B)| < 4] B f(d(A,B)). (70)

We write
c[f] = (1 + if(l + zo)zD—l)m. 71)

=

Write

X = "xnln)(n| (72)
and consider

Fly)= Y (nlgln). (73)
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Define

A= sp |F(y) — G(y)| (74)

for the Gaussian cumulative distribution

Gly) = o= [ aze 75)
= ze 20 .
Y 2102 J-
We prove
Theorem 9. Let 6 such that f(1) = eV/¢ for some & > 0 and let log(|X'|) > max{1, (1%)%/3}. Then
A <C(max<1 S + c[f]s + e /4¢P max E s? ) RP/? ! élog(]X\)—l—M -
- " 52 s’ s|X|V/2 \ R log(log(|X])) ’
(76)

where C' > 0 depends only on the dimension of the lattice.

Proof. We first note that

. I _22
A=sw|Floy+p) = Gloy+pl=sw| 3 (ald) ~ o [ dze”F| 07)
y R, 21 J oo
We will employ Esseen’s integral bound [1]

T _ 122

c1 o) —e |
A§+/ dt (78)

T Jo 2]

where T' > 0, otherwise arbitrary, ¢; is an absolute constant, and ¢ is the Fourier-Stieltjes trans-
form of F'(ocy + ), i.e., the characteristic function

p(t) = / " A Aoy + p) = 3 (nlaln) R = (I ; (DY, (79)
where
.1 . . 1 . . . .
V=S Ki-(X)= o3V =0, (%)) =c% INl<a G0
iEX 1€EX ieEX

To not overburden notation, we redefine X := ) and Xi = YZ

In order to apply Esseen’s bound, the goal is to bound |¢(t) — e~**/2|, which we do along the
lines of [2, 3], setting up a differential equation for ¢(¢) and bounding its derivative. The main
difference to [2, 3] will be to introduce auxiliary operators (operators R, (t) and S, (t) below) in
order to be able to bound the non-commuting terms.

Throughout, we denote the support of an operator O(t) = O(t) ® id M\So by Sow) and its n-th
derivative by O (t). We let t > 0. We have

() =il = 1SR )
jeEX
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Wenow fixj € XYand 0 < h € N. Forn € N, n > 0, we let

. 1 R . N R 1 N
In=— D, Xi Wm=X-Zy=— 3 X
g ieX ieX

d(i,j)<2Rhn d(i,j)>2Rhn

) Lo X . ] (82)
En(t) = Gn1=2t R (1) —id, Z,(t) = E1(¢) - - En(t),

fin(t) = 8 (t)e 2t —id,

and we write Zy = X jjo, 20 = X, 2y = id. Here, Rn(t) and S’n(t) are arbitrary operators and we
will choose them in Section IV A. One finds (see Appendix A for details and compare Refs. [2, 3])

(Xje ) = (20 + g(0) ) (1) + (1), (83)

g2(t) = (X;&1(8)) + (X, 21)t — i(X;X)e,
g3(t) = (X;& (1)) (Ma(t)) + Y (X;En—1(6))((An(t) +id)),
n=3

k

hi(t) = Y ((XiZaa (™) = (XZaaB) ().
n=1

k A~
Pa(t) = > (X jZn 1 (D) (nt) = (i (£)))e "),
ha(t) = (X;Ze(®)e) + 3 (GEOn (e 1) + 3 (X;Z01(1)) (3u(1)),

n=0 n=

2
() = el (e_i(én_énﬂ)teiénte_ié”“t — Rn—i—l(t)) =: el(En=Fn 1) (ZR,n-H(t) — Rn+1(t)> ;
Sp(t) = (e*i(*éerZn)tefi/\?teiZAnt _ S’n(t)) o—iZnt ikt _. ( AS,n(t) — Sn(t)) o~ iZnt (i Xt

(84)

In the following section, we make the operators R, (t) and S, (t) explicit and derive some of their
properties and give bounds on |g2(t) + g3(t)| and |h3(t)|. In Sections IV B-IV D, we derive bounds
to the remaining functions in Eq. (84). Equipped with these bounds, we come back to Egs. (81)
and (83) in Section IV E to finish the proof.

O
A. Operators R,,(t) and S, (t)
Welet M € N, M > 2, and put
. Mo tm
m=2 (85)
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For such operators, we have the following Lemma, which we prove in Appendix C.

Lemma10. Let M € N, M > 2. Let A, B C Xand A = Y icA Y;, B= Zz‘eBYi with Y; local (supported
on {k € X |d(i,k) < R}) and bounded, ||Y;|| < y. Denote the support of [A, B] by S. Let

M
5 —it(A+B) JitA itB 5 : 5(m) (b
Z(t) = e MATBIMIE 7y (1) =id + ) 21 )(O)ﬁ' (86)
Then Sy ) C {i € X|d(i,8) < 2(M — 2)R} Further, let C C X x X such that [A,B] =
tz(” seelYa, Y] and let B such that 3, oo Vi, i1l < 8. If 7 := 2t max{2ycp(2R)?, \/B/2} < 1/2
hen

1Z(t) — Zyu ()] < 27MHY and |20 (1)) < 2ml(27 /)™ (87)

We set out to apply the lemma to Z,(t) and Zg,,(t), which we defined in Eq. (84) and which
are of the form (86) with Y; = X; /o (such thaty = = /Aa). To this end, we compute the correspond-
ing commutators: We have (29, —21] = [21, X] = [21, Z1], [-&X, 2] = [Zn, 2], and forn > 1

[7371—17 _én] = [2717 X] - [énv Zn—l] = [2717 Zn] - [73717 Zn—l] = [2n7 Zn]v (88)

where the last inequality holds as h > 1.2 Now, for n > 1, we have

R 1 SN 1 I
[ZTL’ ZTL] = ﬁ Z [szXk] = ? Z [Xth‘]a
ikeX i,ke€X (89)
d(i,j)>2Rhn d(i,j)>2Rhn
d(k.j)<2Rhn 2Rhn—2R<d(k,j)<2Rhn
d(i,k)<2R
ie.,
A 1 A 222
120 Z0lll < = > 1% &l < =5 > 1
i, kEX ikeX
d(i,j)>2Rhn 2Rhn—2R<d(k,j)<2Rhn
2Rhn—2R<d(k,j)<2Rhn d(i,k)<2R
d(i,k)<2R
_ 20%cp(2R)P | < 2B 2R)P oy o1 0
S>3 Z = 52 Z
X I=2Rhn—2R+1

ke
2Rhn—2R<d(k,j)<2Rhn

<2 <2xCD(2R)D>2 (hn) P~ =t B,

g

for which we have /3, /2 = max{2xcp(2R)? /o,/Bn/2}, i.e., applying the lemma, we have for

D
= 242 = PP e (91)
g
that
1Zrn () = Ba(D)], | Zsn(t) = Su(®)]| < 272" and [|RTV ()], 1S (1)) < 2m)(44/Ba/2)"

(92)

3 2, is the sum of all X;/o with d(i,5) > 2Rhn and ZAn_Al is the sum of all X;/o with d(i,5) < 2Rh(n — 1), i.e., the
distance between the support of 2, and the support of Z,_1 is at least 2Rh — 2R.
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A~

Further, Eq. (89) implies that the support of [Z,,, Z,] is a subset of

Sc U {le X|d(i,l) < R}U{m e X |d(m,k) < R}
i,k€X
d(i,j)>2Rhn
2Rhn—2R<d(k,j)<2Rhn
d(i,k)<2R
C U {l € X|2Rhn — R < d(l,j) < 3R+ 2Rhn} U {m € X|2Rhn — 3R < d(m, j) < 2Rhn + R

ikeXx
d(i,j)>2Rhn
2Rhn—2R<d(k,j)<2Rhn
d(i,k)<2R

C {l € X|2Rhn — 3R < d(I,§) < 3R + 2Rhn}.
(93)

We now derive a few implications of Egs. (92) and (93), which we formulate as a lemma.

Lemma 11. Let n, M € N, n > 1, M > 2. The support of Sz, and the support of S, ® fulfil

S=

=0 S C {i e X|d(i,j) <2R(hn+ M) — R} . (94)

Let 1, = 2t\/n/2 < 1/2. Then

~ D+1 _
1= < (5h72 1) ()P,
D+1

] o b (95)
@] <5-277"h =2 7.

D-1
2

Let 37xh" 2 k™2 < 1/2. Then
9 D+1.\2 Dll 241_M_@M71_D1
lhs(t)| < x(3mh 2 ) (2 Pt gEh R ) +>>,

145 14 )
D
+—2P 4. 6D—1> (2rn )2

n(0)+ n(0)] <2 (351 +

Proof. Direct application of Lemma 10 to Eq. (93) yields*

Shny Sk C {1 € X[2R(hn — M) + R < d(i,j) < 2R(hn+ M) — R}, (97)

Ry

which implies that for n > 1
m=1

c |J {i € ¥|2Rh(m — 1) - R < d(i,j) < 2Rhm + R} U {i € X |2R(hm — M) + R < d(i, j) < 2R(hm + .
m=1
c {ie x|d(i,j) <2R(hn+ M) — R}
(98)

* We have that 2Rhn — 3R < d(s,j) < 3R + 2Rhn for all s in S. From the lemma we have that Sty Sy C
{i € xX|d(i,8) <2(M — 2)R}. Thus, 2Rhn — 3R < d(s,j) < d(i,j) + d(i,s) and d(3,j) < d(i,s) + d(s,j) <
d(i, s)+3R+2Rhn < 2(M —2)R+3R+2Rhn, i.e., with the choice d(i,S) = d(i, s), wehave 2Rhn—3R—2(M —2)R <
d(i,7) < 2(M — 2)R + 3R + 2Rhn.
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and
Sy € Sz, USs o C i€ X|di,j) <2Rhn} U {i € X |2R(hn — M) + R < d(i,j) < 2R(hn + M) - R}

C{ZEX‘dZ,] <2R(hn+ M) — R}.

n(t)

(99)
As R1(0) = id and f%gl)(()) = 0, we have
1g2(t)] < || X2 Ry (1) —id — i(X — 2)t]|
t O ~ A . 'y A A
= z| / ds (i(& — 21)e X203 Ry (5) + P25 R () —i(X — 21))|
— x| / ds / du (—(& — 21)2E 20 Ry (1) 4 2i(X — 20)e P20 R (1) 4 X 20 B ()|
<a /0 ds [ au (121l + 2 Z0IRD @) + 1R 1)
t s 1 D1\ 2
<o [ as [au((GVETRE) IR + VAN AP @]+ 1A W),
(100)
i.e., Eq. (92) implies that for 2¢\/51/2 = 4tIcD(2R) h"z < 1/2, we have
lg2()] gxﬁﬁl( RP+L 4 4P +32) < @x(Q\/ﬁl 2155 )2, (101)
Further, for 2t\/3,/2 < 1/2, Eq. (92) implies
En(0)] = [0 B ) — ] < /ds LGRS L O R,
< 2”7271—1 - énHt +8 /Bn/
where
) ) 12| if n =1,
”an1 - Zn” = S S .
1Zn—1— 2|l if n>1,
< T {CD(QRh)D %f n=1,
g ZieX:ZRh(n—l)<d(i,j)§2Rhn 1L if n>1, (103)
< cp(2Rh)P if n=1,
o cp(2Rhn)P~12Rh  if n > 1,
12zep(2R, _ D1
~ 1200 )01y, = L B P
ie.,
1€n(®)]l < V/Ba/2(im) = bt 4 8y/Bu/2t = /Br /20t () " b+ 8) < 9v/Bi /20 3 nP e
(104)
and thus

E.(t)] < (9v/Br/2h = t)" (n!)P 1, (105)
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Now,

k—1 k
|ha(t)] < 2| Zx(t)]| + 2 Z IZn OO+ 2D Ea-1 (D130 (D)l
n=2

N (106)
< || = ()] + wz IZn O Zra(t) = Bl + 2 Y I[Ea-1 ()l Zs,0(t) = Su(®)]]
n=2
i.e., Eq. (92) implies that for 2t\/3,/2 < 1/2, we have
A k A k A
h3(6)] < 2| 2]l + 22 Y [IEaa (@)™ +22 ) [Epma ()]l
n=1 n=2
k
= 2| Zp()]| + 227 + 42 |IEp 1 (B)]I 7T
n=2
D+l kol D41
<a(§rh 5 ) k)P 4+ 220 MH 440 Y (§rh ) () P M
n=1
D+1 D+1\ k—1 k2 D+1
= 20 4 2§ F) (@nhz) TP a Y ($nh ) (e P M)
n=0

< 2zt —|—x(%7’1h%) <2D1(gT1hD2H)(gT1hDHkD ) i +4Z TlhDHkD H" ﬁ;l) ;

(107)
for which we have (we recall that 7, = 4¢22CR " (p1) "5 = 7k "2 )
D D 1
ha(t)] < 2074 4 2S5 <2D e ﬁhi)rk . M+1>
:x(leh%)2 <2D+11 8 (Tkk )M Tp=(D+1) 4 M, =232 D21>
81
(108)
< (9 D412 (pig 1 24 4, _pn M—1, _(D+1)
z(3mh 2 )" (2 274—81(5]1 k=2 ) h
if b2 kT < 1)2,
Eq. (92) further implies that for 2¢,/3,,/2 < 1/2
. t
. A i . &(1 A 5
l72(t)[| = [[S2(t)e™#2* —id|| < / ds ([1S57 ()1l + [15a(s) 11 Za1])
2 (4
S(S\/— epx( Rh) )i (109)

— (8+(2h) 5 ) 52/ t < 5(2h) Ba/2t,
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D—-1

ie.,

|92() + g3(t)] < Igz(t)l+x!€1(t>lHlﬁz(t)ll+x;||~n OIIRAG]
)? + 22 2(9\/57%%%)%!)
/2072 )" ((n+2))P~!

720 (9v/Br/20"%"
Y0V

< lg2(t)]
Sx(z)léi 45217) t)2+2$(9 B1/2h
n=0
145  14_p A3 '
= (55 52 (9v/Br/2h = 1) + 22(9/Br/2h 2 )2(9\/517h > 1)"((n +2)!)
k—3
<m<142+92D> (9v/B1/2h 2 1)% + 267 2 (9/Br/2h 2 1)° > (9v/Ba/2h F 0T 1)
n=1
(110)
for which we have
145 14
lg2(t) + g3(1)] < <324 52" +4-6"" 1)( nh2)? (111)
O

if 5
B. Bound on |g1(t)|
We have
t A N
t) < — X X; X (X,
d(i,j)>2Rh
where for | € S; we have d(l,j) < Rand for k € S;_we have d(k,i) < R, ie.,, 2Rh < d(i, j)
d(i k) + d(k,1) + d(l,j) < 2R+ d(k,1), i.e, d(S ; Sg.) = d(i,j) — 2R > 2R(h — 1). Hence, for
2R(h—1) >y
. 2R) R)IP-1.
91(2)] o Z f(d(i, j) — Z fa (113)
iEX I=2Rh+1
d(4,j)>2Rh
C. Bound on |hq(t)|
X;Zno1(t)e* ) — (X221 () ()| (114)

We have
hi (1)) < [(Xjei¥1t) — (X;) (et HZ!
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where, as (XJ) =0,

t
|<Xje1z1t> _ <Xj><€‘1Z1t>‘ < /0 ds ’(Xj216121t> . <Xj><2161z1t>‘

1 t A 115
<Ly [asfses e, 0
T iex 0
d(i,j)>2Rh
i.e., analogous to Section IV B, we have for 2R(h — 1) > [ that
() - ()] < P20 S - 2mio, (116)
I=2Rh+1
Now,
S:, C {i € X|d(i,j) > 2Rhn — R}, (117)

which, together with Lemma 11, implies that d(Sénv«%n,l( ) > 2R(h — M ). Hence, for 2R(h —
M) > 1y, we have

0o k—1
cpxrt _ 2,
< 2= 3" fU-2RIPT 2 f(2R(h - M) +1) > |Za ()], (118)
I=2Rh+1 n=1
where, again due to Lemma 11, for 7, < 1/2
k—1 k—1
Ea0))l < S (2R ) (nh)P
1En@)] < 5 1) (n!)
n=1 n=1
E o (119)
< (377 ) Y (3R R Im),
n=0
ie., for %h%k%m <1/2
|ha(t) Z F(L=2R)IP 4 220 f2R(h — M) +1) (302 1) (120)

I=2Rh+1

D. Bound on |h2(t)|

We recall that Z,,_(t) and 7, (t) depend on j, which we denote by a superscript. Employing
the Cauchy-Schwarz inequality, we find

DS E=OICAORRY "“>! (& 1(t)>(ﬁ¥;(t)—<ﬁ$;(t)>)e“3t>\2
jeX JjEX

< <(Z<Xjé£;,1<t>>(ﬁi;<t> — () (X (XiE ) @) -

GAG)

JjeX jex
<2 Y IEL O, @I (5 ) @ E)T) = @@ 0)h).
1,JEX

(121)
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Lemma 11 implies d(S i (t),Sﬁ%(t)) > d(i,j) — 4R(hn+ M) + 2R =: d(i,j) — ry, and therefore (we
use [ (%, (0) (A (D)) = (i () (@A) < 15 @) 1))

S EE L ON @O - @oNe < X IELONE @Ol

JjEX i,jEX
d(i,5)<rn+lo
+2® > B O OAL O O f(d(, §) = )
i,jEX
d(i,j)>7‘n+l0
< cpr?|X| ((rn +10)P + Z fl— rn)lD_1>

l=rp +l0+1

X max (=l =aOl RO TAG]
=: (er, [f1)? max |25, OIZ, . ONlI7, OO,

ijeX
(122)
where for 7,, < 1/2, again using Lemma 11,
i ~j 9, D£1 n—1 nD—-1 e ~j
\/H OMEL_ONAONAAE ] < (SR )" ((n = 1)) 7, @Ol @)l
_ 5.20-1% 1 forn =2
< (2R ) Y (n — P! ! ’
- <2 1) (( 2 3 forn > 2,
(123)
i.e.,
4 k-1 -
‘Z h%(t)‘ <4520 %, [fIRP TR 433 ¢ [f1(3R 7 )" ()P
JEX n=2

_ 10 D+1 _ D+1 2
=12.2073 (2707«2 5D— IZCTMS % = Tl)n((n+2)!)D 1) (%h 2 1)

<12 2D73 (Crz + Z Crn+3 TthZHkJ)n> (%hT+l7-1)27

(124)
where for 2R(h — M) > lpand n > 2
(era [F1)? = epz?| X1 ((ra +10)” + 3 S+ 1)1+ 7 + 1))
=1
< epa?¥|(ra +10)° (14 FU+ 1)1+ 1)P) (125)

=1

< epa XY OR)P(hn)? (143 F0-+ )L+ )P,
:
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ie.,
. © 1/2
)z hg(t)‘ < 12207342 (6R)P/2 (1 +3 U+ L)+ 1)D—1)
JEX =1
10 h3 D+1_ D-1 D41
X (27217/2 +) (n+ 3)D/2(37kh2k2)”> (907 m)?| x| 2Rl
n=0

(126)

which we combine with the bound on |h3(t)| in Lemma 11 to find that for 2 Tkh Sk <1 /2

| | k=3 D/2 D/2
‘Zhé(t)lﬂzh%(ﬂ)§x[CDm <272D/2 Z( +2i) )!Z\”z

JEX JjeEX n=0
1 24 1M
<2D+1 - 1h—<D+1>}|X|( nhe)?
k-3
_ 10,p/2 (n+3)P/2\ nP/2
= [CD[f] (272 —I-Y;O on X[
124 1 | X|3/223
2P 18cp27) 2 R2P
+ ( + (QhDHk )M lhD‘H)} 2 ( )
(127)
where
Cplf]=3- 2D1c}3/2(6R)D/2$ L+ > fI+1o) (1 +1)P-1 (128)
=1

E. Final steps

We denote by C' > 0 a constant, not always the same, that depends only on D. Further, we

write S = W Combining Egs. (81) and (83) and the bounds obtained in the previous sections,

we have

(1) = (=t +g(1)e(t) + (1), ©(0) =1, (129)
where, letting k,h, M € N, k, M > 2,2R(h — M) > Iy, and

CS |x|/?

the functions g and h are bounded by

l9(t)] < ext + eat?,

131
|h(t)| < et + cqt?, (131)

h2P 42
lx|1/2 ’
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where
Z f lD 1
l 2Rh+1
D
c3=c1+ 2 f(2R(h — M)+ 1)hP =: ¢1 + ¢,
CRZD h2D
C2= — Gz  Tura
S3 |X|1/2
s3 1, 1 1 s3 1 S
C4:CCU]WWCQ+ (27 (ghD+lk )M_lhD+1)02 =: O[f]RQD th/202+06 < CClfl+sp

Clf] = RD/2<1+Zfl+l0)(l+1)D 1)1/2
- (132)

Now let ¢; < 1/2 and

1 CS% X2
t S 4702 RZD h2D = TQ. (133)

Then the solution to Eq. (129) with functions g and h bounded as above fulfils (see Appendix B)

e ?/2] < ‘1
o) —e 2 < (5

2

+ %t) t2e=t°/6 1 4(1 — e_%)(c;; + cat), (134)
i.e., for
1 < T :=min{T}, To} (135)
we have, using Esseen’s inequality [1],
1) — et /2|

< - R .
A<LC —i—C'/O dt r

<01+C/Oodt (c1 + cat) te /6 4 Cc /1dtlet4+/Tdt1 + CeyT
- min{Tl,Tg} 0 ! 2 3 0 t 1 t 4

11 C[f]S° ,
< C'max T +C(c1+c2)+Ces(1+1og(T))+C 72D 3T+ CegT
3

<C (max{ 21T1 1} Cg;g ) c2 + Cezmax{1,log(min{7T1,T>})} + C%v

(136)
which also holds for ¢; > 1/2and 0 < T" < 1 as, trivially, A < 2.
We bound

C<C(i+ : )c <C<1—|-h M)c 7
0= G T g P T ) = O ; (1)

Now set h = 2M, k = [M log,(M)], and let log(log(|X])) > 0 and M > % > max{2, 1.

Then all the assumptions on k,h, M are fulfilled and we have 2 < aMlogy,(M) < k <
Mlogy(M) +1 < 2M logy(M) and

v 2log(| X)) 2log(|X) )
%S CM™ 0 < Copexp (‘1og<log<|X|>> log <log<log<|x>>>> < Cal™. (39)

3
R2D

62 + cg,
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and

CRP MP S CRP M S CRP
52 kD—l — 52 [logQ(M)]D_l - 52 :

Ty = (139)

Hence, writing s = S/RP/?, ¢[f] = C[f]/R"/?,

|X‘1/2 RD/2 A2D

D/2 32D 3 1/2
ASC(maX{S2,1}+C[ )R3 M +ClX|™ 1+003max{1log<sm>}
s
(140)
< C | max 1i + ¢[f]s ) RP/? M2 + Ce3s? max 1 s s X[V,

1. Exponential decay
Now let f(1) < e~/¢ with € > 0. Then

1 o0
Cs’cy = ﬁeﬂ/i Ze—(l+4RM)/£(l + 4RM)D—1 + o~ (2RM+1)/€ y rD
- (141)
2R/§§D 12/ dre l+4RM)/§[(l+4RM /ﬂD 14 ¢~ (@RM+1)/6 D

ie, forD <1+ 4RMJE,

052(:3 < %&R&SD /oo dze®zP1 4 ¢~ @RM+1)/¢ D
RM/¢

L oR/e.D —3rRM/C /OO —oap1 , D (gpariiye (- RM b
< — z A D 142
7D° & e ; dxe x + D © e De (142)

00 D
< (/0 dz e~ /4 P14 DD> e_l/fé—De_RM/g.

Now set M = [D¢log(|X])/R + %} (and recall that we assumed log(log(|X|)) > 0
2log(|X])

and Toaloa(XT) = max{2, 2R} both of which are implied by log(|X|) > max{1, ( )5/3} . Then
ARM /¢ +1 > 4Dlog(|X]|) > D, i.e., the above assumption is fulfilled and we have

A < C | max 1i +C[f]8+efl/£§Dmax }82 RD/2 M?P

ol J1 L ~1/eeD o S L / £ log(|]) >2D
= (max {1 L] wetns s et ma {12 Yo L (6 log<m>+log(bg(% |
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Appendix A: The first step

~ A~

Omitting the argument, we write g, = én(t), & = én(t), N = Tin(t), Sp = Sp(t), and R, =
R, (t) throughout this section. For k € N, k > 2, we have

elXt — (elXte—lzlt . id)elzlt + elz1t
_ (elXte—1Z1t o e1(X—z1)tR1)elz1t + (el(X—z1)tR1 o id)elzlt + elth
k . . k
_ elth + E :Enflelznt + (elXte—1Z1t _ el(X—z1)tR1)elzlt + flelzlt _ § :Enflelznt.

n=2 n=2

(A1)
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Forn e N,1 <n <k-—1,denote

k
Y, = =petnt — § Em_1em. (A2)
m=n+1
Then
A~ k ~ ~
elXt — elzlt + § :En_1elznt + (eIXteflzlt o el(szl)tRl)elzlt + Y1~ (A3)
n=2
We have
k
Yn — Enelznt _ Enelzn+1t _ § : Emflelzmt
m=n+2
O = idpt A iZpaqt A& iZp11t
=Ypi1+ ‘:nelzn - :nelzn+1 - :n+1612n+1 (A4)

=Y + 2, <ei2nte7i2n+1t _ ei(énf,enﬂ)RnH) RENIRY
=t Yp41 + An
fOI' 1 S n S k—2 and, lettlng Ak—l = Ek—l <ei2k—1te—i2kt _ ei(ﬁ’k_l—ik)Rk> ei;}kt’

A~

Y1 =Ep e —Ep_qe

= Zk_1 (eiék_lte_izkt — id) elPkt Ap_1+Ar_q

iZpt

. . o . . (A5)
= Zp (B TRy ) 5 4 Ay
= ékeiékt + Ak—l‘
Hence,
A A oA k_l A~
Y = Ekelzkt + Z A, (A6)
n=1
and therefore, writing Ay = (eiite_iélt — ei(i_il)t]%)eiélt,
PR .« A k A~ oA A~ . A kil A~
elXt _ o1t + Z En_lelznt + Ekelzkt + Z A,,. (A7)
n=2 n=0
Now, forn >1
(elinty = <ei(/\>72n)t> _ <ei(2272n)t> _ <gnefiZAntev€t> + <Sne*iZntei’et>, (A8)
where
(e 2116 = (i + 1)) = (i + 1)) = (G +d)eO) + (G i),

(0 = () %) + (A +1d)) o ().



k
@) =D (XEn-1) (@) = Y (XiZna ) {(n +id))o (1)
n=2 . n=2 (AlO)
+ Z<Xjén—1> ((gne_iZ"teikt) _ <ei(2€—2n)t>>
n=2
and therefore, using that (X;)=0

(Xje ) = (X0 p(t)t =i ((%52) — (X5)(20)) ()t

+ (<Xj L)) + (X2t — (XX

(A11)
Tn
k—1 L o . ; L o
+ Z(X]An(t» _ Z<Xj5n—1(t)> (<Sn(t)elentelXt> _ <el(Xon)t>> 7
n=2
whereforn ¢ N,0<n <k —1,

An(t) = En (1) (e

20t =iZnt1t _

=B Ry (1)) e, (A12)
Appendix B: The differential equation and the bound on its solution
The solution of
dy
dt
is given by

(t) = —to(t) + g(t)p(t) + h(t),

(BI)
¢ ¢ t
_ () a(s) _ Cals)) = £2/9 — B2
o(t)=e <1+/0 dsh(s)e ), a(t) /Ods (s —g(s))=t7/2 /Odsg(s) (B2)
and fulfils

t
lp(t) — e /2| = e_t2/2‘ef§ dsg(s) 4 ofo dsy(s)/ ds h(s)e™/2=Ji dugtw) 1’
0

0

t
< e P2 elydsols) _q —}—e_t2/2’ef0t dsg(s) / ds h(s)e®* /2~ )i dug(w)
t t
< o t/2 )5 dslg(s)] / ds |g(s)] + e—/2 / ds [h(s)[es*/2H]: dulg)]
0 0

(B3)
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If |g(u)| < c1u + cou? with ¢; 5 > 0, we find

t t
/ ds ‘h(8)|682/2+f: du|g(u)| < eclt2/2+02t3/3 / ds ’h(s)|e(1—cl)32/4—1—(1—01)32/4—0233/3’ (B4)
0 0

where, for 2cas < 1—c1, the function (1—c;)s%/4—cp53 /3 is non-decreasing in s, i.e., for 2cot < 1—¢1
and1> ¢

t t
e—t2/2/ d5|h(s)1652/2+f:dU\g(U)l <e—(1—C1)t2/4/ d8|h(s)|e(1_cl)52/4
0 0

_ 2 t-een /t 4 P d ey
1-— (&1 0

s ds

(B5)
t
< 26—(1—C1)t2/4/ ds ie(l—cl)s2/4 nax M
1—a 0 s sefot] s
2 —c h
= — (1—e 5 s )
a s€0t] S

Hence, for |g(t)| < cit + cot? with co > 0and 0 < ¢; < 1/2 and ¢ such that 2cat < 1 — ¢1, we have

|§0(t) _ eft2/2’ S gef(lfcl)tz/fitﬂ 4 Cﬁe*(l*cl)t2/3t3 + 72 (]_ — 7%#) max ‘h(8)|
2 3 1—c sco,y] S (B6)
t2
< ﬂeit2/6t2 + Cﬁeft2/6t3 +4(1 o efT) max |h(S)’
2 3 selot] s

Appendix C: Proof of Lemma 10

We start by bounding the support (Section C 2) and the operator norm (Section C 3) of Z(™(0).
We do so by expressing it in terms of nested commutators in the following section. We complete
the proof of Lemma 10 in Section C 4. For operators A and B, we denote

N

(A, Bl, = [A,[A, Bl.—1], [A, B =B. (C1)

1. Nested commutator form

We have

ZW(1) = —iZ(t)e B <e_itAl§eitA - B) B =i _iZ()e By (1)l = —iZ()X (),  (C2)

X (t) = —ie BB,V (1)]elB + e~ #BY (1) (1)citB (C3)

and, for n € N, by induction

X0 =y <Z><—i>n—’fe—it3[8,?<’f)<tnnkei“? (€4
k=0
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Hence, employing the general product rule, we find for m € N

m

201 = Y (:) 200 (1) X m=m) (1)

n=0

=3 (M) X () e T 0

k=0

_ _IZ (7:) Z(n) (t)( l)m n —1tB [B ( —ltABeitA _ B)]m,neité

m—1 m—n
_j <m> 200 (1) <m — n) (i) ke BB _jo AL Ble™], , 4elB,
1
(C5)

ie., Z(0) =id, ZM(0) = 0, and for m € N, m > 0,

Zimi) g mz( ) mz( ) (B A Bl k. (C6)

2. Support

WeletC C XandC = Y, . Vi Let S an operator and denote by S,, the support of [C, S],.. Then

[é7 S’]n—i-l = Z[ffza [é7 S]n] = Z [Yu [év g]n]v

ieC ieC (C7)
d(i,5,)<R
ie., by induction®
S, C {ie X|d(i,S) < 2nR}. (C10)
We thus have
SIBLA Bl © {Z € X [d(i,S 44,) < 2(n— k)R} , <
Siany, = SaAs),., C 1t € X|di@S) <2(k—1)R},
5 We have
SeiCS. | Sy, S |J {iex|di,j) <R} <)

icx ieX

d(i,5,)<R A(i,5,)<R

Now let (C10) hold. Then d(i,So) < d(3,s) + d(s,So) < d(i,s) + 2nR for all s € S,. Hence, d(i,j) < R and

d(i,Sn) < Rimply d(j,So) < d(j, i) + d(i,So) < R+ 2nR + d(3, s), i.e., with the choice d(%, Sn) = d(3, s)
Sar1CSn |J  {i€X]dl,So) <2(n+1)R} = {j € X|d(j, So) <2(n +1)R} .

1€EX
(i, Sm)<R

(©9)
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which implies

S BIA B © H SIB.LA Bk
c O {z € X|d(i,S 44,) < 2(n— k)R} (C12)
C ];16 X |d(i,S) <2(n—1)R}.
Hence, the support of Z(™+1)(0) is contained in
m—1
Symin C U Sz U {i € X|d(i,8) <2(m —n—1)R}
- (C13)

m—1
c{iex|d(iS) <2(m-1)R}U U Sz 0)
n=0

C---C{ieX|d(i,S) <2(m—1)R}.
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3. Operator norm

Consider
ZD}%? [}A/ilv [?izv [ o [Yfik717}>ik]] o ]
ieX
= Z Yi? 117 127["'[}>ik 17}>ik]] ]+ Z [Ylv[}fllﬂ[Ylw[Dflk_NY;kH]
ieX ieX
d(4,i1)<2R d(i,51)>2R
= Z 117 127["'D>ik 17?;1&“ ]+ Z [ﬁ7[ﬁl’[ﬁ27[[ﬁk—17ﬁk“]
d(i, 21)<2R d(iéf)X>2R
d(i,in)<2R
+ Z i 117 127[ [ﬁk—175}lk]] ]
d(i, z1)>2R
d(i,i2)>2R
= = Z [AZWDA/ZUDA/ZW[ [}A/%k—lvfflk“ ]+ Z [ﬁv[ﬁlv[zz’[[ﬁk—vﬁk“]
1€EX 1eX
d(i,i1)<2R d(i,i1)>2R
d(ii2)<2R
+ Z DA/ [}Afllv[?m?[ [?;kfl‘)ﬁk]] "]+"'+ Z [Yviv[?iu[};viw['”[ﬁkfp
ieX ieX
d(i,i1)>2R d(i,i1)>2R
d(iiz)>2R d(iiz)>2R
d(i,is)<2R .
d(iyir—1)>2R
d(ii)<2R
+ Z 217 227[“'[1%1@_17}%1@]]"']7
ieX
d(i,i1)>2R
d(i,i2)>2R
d(i,ik:)>2R
(C14)
where the last term is zero, i.e., denoting o = 2ycp(2R)?, we have

Y All? Alzv [Y }/zkH

1p—1

2

ieX

1

DD [ A L R A 8 B |
iceX
d(i,i1)<2R
+F Z i 21) ’LQ;['”DA/Z';C_UY/Z')CH ]H
i€EX
d(iyig)<2R
< akl|[Yi,, [Yiy, [+ Vi, Vil -

(C15)
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Hence,

i1EX QK EX

SZ

i1€X In_KEX j1EX Jk—1€X (4,5)€C

A ~ ~

127 Zn k7[Y717[[}>“7k—17[}>@7%]]
in€X Ty kEXﬁGX Jk—1€X (i aJ)eC
<... < a™” 1771' Z || iy j
(i.5)eC
(C16)

Thus, form € N, m > 0,

|12<m+1><o>rrs§(f)rrz<n Hg( "V IB. LA Bl

n=0
m—1 m—n
m
< AL men=l(y — p)l Cc17
<83 (Mzoony (7" e on ) 1)
1 12 (0
2m+1 1 m+1 /8 _gn—m
(m+1) 202 m + 1 Z Q"n'a” ):
ie.,
m—2 m—2
_ 12 i B 1 .
Zm = mmlam = max 1, T«Q E TLZO Zn =: E nZO Zn (C].S)

for which we have 2z = 1, 21 = 0, and z,, < VL%J by induction.®

4. Final steps

We start by showing that Z(t) = Yoo %Z (")(0). Let a, and b, be sequences of operators such
that the limit B = 3°°°  b,, exists and such that 3% ||é,|| < co. Then’

3 =3 b (C24)

n=0 k=0

®Letm > 2and 2, g'yL%J forn < m — 2. Then

Z SIS e (€19)

SR

7 This is basically Merten’s theorem on the product of series. It might be obvious for matrices, the proof is the same:
Write

m m n

Ay = i an, b, = Z abn_k. (C20)
n=0 n=0 k=0

n=0
Rearranging terms, one finds

n

:>>

:iam 13 :ia w(Bn —
n=0 n=0

(C21)

DA/ip [}Afiw [ o D/in,ka D/jlv [ o [ijk—ﬂ DA/:L’}A/]H T
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Hence,
Z(t) — o it(A+B) it A ,itB

o0

Do (—it) (R ()R L
;}lz_;( T (A+B)l((k)—z)!Ak l((n)—k)!B '

[
i{ng

0

e
|

3

(C25)

I
M8
3|5

0 k=

n

= (") (- [—i(A+ B A (B
01=0 k !

n

Y.

I
NE
B“*

!
0

3
Il

Now, by the general Leibniz rule, we have

Z0(t) = i (Z) (e—it(A+B)eitA> (k) (eitg) (n—k)
k=0
GO

n k
ie, Y, = Z("(0) and therefore Z(t) = >.°° %Z(”)(O). Now let 7 = 2ta,/y < 1/2. Then, using
the bound derived in the previous section,

(C26)

k=0 I=

TR P o) 3 U T
n n n __
|20 -> 200 < Y Siz00)) s Y =T <er (€27)
n=0 n=M+1 n=M+1
and form < M
M M M
t" (m) tnmm - n!
7Z(n) 0 ) H < Z(n) 0l < M " n/2tn—m
H(Zn' ) _z:(n—m)'H ()H_Z(n—m)' “T
n= n=m n=m
Mo in 1
_ 1/2\m n—m 1/2\m 1/2\m
m!(2ay/%) 7;1 <m)7' < m!(2avy"?) Ay < 2m!(4ary7*)
(C28)
ie.,
ICm = AB| <3 am-nllllBa = Bll + || Am — Alll| B (C22)
n=0
Let e > 0. As > > [lan]| < oo and lim, e |Bn — B|| = 0, there is a N € N such that ||B, — B| <
S 4 Y22 llan)~" for all n > N. Further, as lim,_, [jan| = 0, there is a M € N such that |ja,| <

g (1 + maxo<p<n-1 |Bx — B|)~* for all n > M. Finally, as lim,— ||A, — A|| = 0, there is a L € N such
that || A,, — A|| < s+ | B||)~! for all m > L. Hence, for m > max{N + M, L}

N-1 m
ICm = AB| < Y llam—nllBa = Bl + D lam-nlllBn = Bl + [ Am — AJ|B|
n=0 - n=N (C23)
€3 no 1B — B €2 pn |ldm—n]| el Bl
3N(1+max0§k§N_1 HBk —BH) 3+3Z?:0 H&'ﬂH 3(1+||B||)
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